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Abstract. We prove that every transcendental meromorphic map / with a disconnected 
Julia set has a weakly repelling fixed point. This implies that the Julia set of Newton's 
method for finding zeroes of an entire map is connected. Moreover, extending a result of 
Cowen for holomorphic self-maps of the disc, we show the existence of absorbing domains 
for holomorphic self-maps of hyperbolic regions whose iterates tend to a boundary point. 
In particular, the results imply that periodic Baker domains of Newton's method for entire 
maps are simply connected, which solves a well-known open question. 



1. Introduction 

Let / : C — > C be a holomorphic map. If the point at infinity is an essential singularity 
of /, then we call it a transcendental meromorphic map; otherwise / is rational. We consider 
the dynamical system given by the iterates of /, which induces a dynamical partition of the 
complex plane into two completely invariant sets: the Fatou set F(f), which is the set of points 
z G C, where the family of iterates {/™} n >o is defined and normal in some neighborhood of 
z, and its complement, the Julia set J(f). The Fatou set is open and consists of points with, 
in some sense, stable dynamics, while the Julia set is closed and its points exhibit chaotic 
behavior. If / is transcendental meromorphic (unless / has a unique omitted pole), then the 
Julia is the closure of the set of all prepoles of / and both Julia and Fatou sets are unbounded. 
In any case, </(/) is the closure of the set of repelling periodic points of / (see [1]). For general 
background on the dynamics of rational and meromorphic maps we refer to [U IT2l [28] . 

Connected components of the Fatou set, known as Fatou components, are mapped by / 
among themselves. A Fatou component U is periodic of period p, or p-periodic, if f p (U) C U ; 
a component which is not eventually periodic is called wandering. Unlike the rational case 
|36j . transcendental meromorphic maps may have wandering components. There is a complete 
classification of periodic Fatou components: such a component can either be a rotation domain 
(Siegel disc or Herman ring), the basin of attraction of an attracting or parabolic periodic 
point or a Baker domain (the latter possibility can occur only for transcendental maps) . Recall 
that a p-periodic Fatou component U C C is a Baker domain, if / pn on U tend to a point £ in 
the boundary of U as n — > oo, and P(Q is not defined for some j S {0, . . .p— 1}. This implies 
the existence of an unbounded Fatou component U' in the same cycle, such that f pn — > oo 
on U' . The first example of a Baker domain was given by Fatou [19j . who considered the 
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function f{z) = z + 1 + e~ z and showed that the right half-plane is contained in an invariant 
Baker domain. If / is an entire function, then all its Baker domains (and other periodic 
Fatou components) must be simply connected [2]. In the case of meromorphic maps, Baker 
domains are, in general, multiply connected, as shown in examples by Dominguez [14J and 
Konig |22j . There are a number of papers studying dynamical properties of Baker domains, 
see e.g. [5j [2D] for the entire case and [8j [301 EI] f° r the meromorphic one. 

In this paper we study the relation of the connectivity of the Julia set and the existence 
of weakly repelling fixed points for meromorphic maps. We say that a fixed point zq of 
a holomorphic map / is weakly repelling, if |/'(zo)| > 1 or f'(zo) = 1. It was proved by 
Fatou [19] that a rational map of degree greater than one has at least one weakly repelling 
fixed point in C. In 1990, Shishikura [35] proved a remarkable result, showing that if / is 
rational and its Julia is disconnected, then / has at least two weakly repelling fixed points in 
C. For transcendental meromorphic maps the situation is more complicated, since they need 
not have fixed points at all. However, the point at infinity can be treated as an additional 
"fixed point". 

In this paper we prove the following result. 

Main Theorem. Let f be a transcendental meromorphic function with a disconnected Julia 
set. Then f has at least one weakly repelling fixed point. 

An important motivation for this theorem is the question of the connectivity of Julia sets 
of the celebrated Newton's method 



of finding zeroes of an entire map g : C — > C. The dynamical properties of Newton's method, 
especially for polynomials g, were studied in a number of papers, see e.g. [211 E31 ESI [261 E3 
[291 [331 [37] . Notice that the map N g is meromorphic, its fixed points in C are, precisely, zeroes 
of g, and all of them are attracting. For a polynomial g, the map N g is rational and the point 
at infinity is a repelling fixed point, while for transcendental entire g, its Newton's method 
is transcendental meromorphic. Hence, Shishikura's result shows that for polynomials g, the 
Julia set of N g is connected. Our theorem immediately implies the following corollary. 

Corollary. If g is an entire map and N g is its Newton's method, then J(N g ) is connected. 

Since the Julia set is closed, it is connected if and only if all the Fatou components are 
simply connected. Therefore, the proof of the Main Theorem splits into several cases - for 
each type of the Fatou component one should show that if it is multiply connected, then 
the map has a weakly repelling fixed point. However, Shishikura's proofs in the rational 
case cannot be directly extended to the transcendental case, because of the appearance of 
new phenomena such as lack of compactness, presence of asymptotic values and new types of 
Fatou components. 

For transcendental meromorphic maps, the case of wandering domains was solved by Berg- 
weiler and Terglane in |9], while the case of attracting or parabolic cycles and preperiodic 
components were dealt with by Fagella, Jarque and Taixes in \17\ ITS] . Therefore, the re- 
maining cases were Baker domains and Herman rings, which are the subject of the present 
work. 

The known proofs for a p-periodic Fatou component U, such that f pn — )■ £ on U as n — )■ oo 
(i.e. when U is the basin of attraction of an attracting or parabolic periodic point), are based 
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on the existence of a simply connected domain W C U, which is absorbing for F = f p and 
tends to £ under iterations of F. 

Definition (Absorbing domain). Let U be a domain in C and let F : U — > U be a 
holomorphic map. An F-invariant domain W C U is absorbing for F, if for every compact 
set K C U there exists n = n(K) > 0, such that F n (K) C W. 

The problem of existence of suitable absorbing domains has a long history. For attracting 
and parabolic basins it is part of the classical problem of studying the local behavior of an 
analytic map near a fixed point. In particular, if U is the basin of a (super) attracting p- 
periodic point £, then F = f p is conformally conjugate to z 4 F'(Qz (if -F'(C) 7^ 0) or 
z i — y z^ for some k G N (if F'(() = 0) near z = 0. In this case, if we take W to be the image 
of a small disc centered at z = under the conjugating map, then W is a simply connected 
absorbing domain for F and (~) n >o F n (W) = {£}. Likewise, if U is a basin of a parabolic 
p-periodic point, an attracting petal in U would provide a similar example. 

The existence of such absorbing regions in Baker domains was an open question, and one 
of the main obstacles for the completion of the proof of the Main Theorem. In this paper 
we prove that we can always construct suitable absorbing regions in Baker domains, if we 
drop the condition of simple connectedness. This is a corollary of the following more general 
theorem, which we prove in Section [3j (By T>u(z,r) we denote the disc of radius r, centered 
at z G U, with respect to the hyperbolic metric in U.) 

Theorem A (Existence of absorbing regions for holomorphic self-maps of hyper- 
bolic domains). Let U be a hyperbolic domain in C and let F : U —> U be a holomorphic 
map, such that for some £ in the boundary of U in C we have F n (z) — > £ as n — )• oo for 
z G U. Then for every point z G U and every sequence of positive numbers r n , n> with 
lim n ^. 00 r n = oo, there exists a domain W C U , such that: 

(a) WdU^VuiF^zUn), 

(b) w c u, 

(c) F n {W \ {Q) = F n {W) \ {C} C F n ~~ l (W) for every n > 1, 

(d) n~=i^an{c}) = 3 

(e) W is absorbing for F in U. 

Moreover, F\w lifts under a universal covering of W to a univalent map and the induced 
endomorphism (F\w)* of the fundamental group ofW is an isomorphism. 

This theorem is an extension of the well-known Cowen's result |13j on absorbing regions 
for holomorphic self-maps of simply connected domains. Recall that if G is a holomorphic 
self-map of the right-half plane M without fixed points, then Denj oy- Wolff 's theorem ensures 
that (after a possible change of variables) G n — > oo uniformly on compact sets in H. Cowen's 
result (see Theorem|2.6[) implies the existence of a simply connected absorbing domain Fci, 



such that V C M, G n (V) = G n (V) C G n ~ 1 (y) for n > 1 and f] n >o Gn ( v ) = 0- Moreover, 
there exists a univalent map (p : V — > C conjugating G to a map T of the form T(uS) = uj + 1, 
T(uS) = aoj, a > 1 or T{oj) = uj ± i and 92 extends to a holomorphic map from H to C or H, 



which semi-conjugates G to T (see Theorem 2.6 for details). Using the Riemann Mapping 



Theorem, one can apply this result to a holomorphic self-map F of any simply connected 
region U, without fixed points. 

Applied to the case of Baker domains, Theorem A has the following form. 
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Corollary A' (Existence of absorbing regions in Baker domains). Let f : C — > C be 

a meromorphic map and let U be a periodic Baker domain of period p. Then there exists a 
domain W C U with the properties listed in Theorem A for the map F = f p . 

Note that if U is a simply connected Baker domain (which is always the case for entire 
maps), Cowen's Theorem immediately provides the existence of a suitable simply connected 
absorbing region in U. In the case of a multiply connected p-periodic Baker domain U of a 
meromorphic map /, one can consider a universal covering map 7r : EI — > U and lift F = f p 
by it to a holomorphic map G : H — > H without fixed points. Konig [22 j showed that if / has 
finitely many poles, then the absorbing region V C EI projects under tt to a suitable simply 



connected absorbing region W C U (see Theorem 2.7 for a precise statement). However, 
|22j contains examples showing that there are Baker domains which do not admit simply 
connected absorbing regions. 

Hence, Corollary A' can be treated as a generalization of Konig's result, which weakens the 
assumptions on the map / and provides some estimates on the size of the absorbing region, 
but does not ensure simple connectivity of W. 

Using Corollary A', we are able to prove: 

Theorem B. Let f be a transcendental meromorphic map with a multiply connected periodic 
Baker domain. Then f has at least one weakly repelling fixed point. 

In particular, Theorem B implies: 

Corollary B'. Periodic Baker domains of a Newton's method N g for an entire map g are 
simply connected. 

This solves a well-known open question, raised e.g. by Bergweiler, Buff, Riickert, Mayer and 
Schleicher [T[ lllll25j l33|. In particular, Corollary B' implies that so-called virtual immediate 
basins for Newton maps (i.e. invariant simply connected unbounded domains in C, where the 
iterates of the map converge locally uniformly to oo), defined by Mayer and Schleicher [25], 
are equal to the entire invariant Baker domains. 

Apart from Corollary A', the proof of Theorem B uses several general results on the exis- 
tence of weakly repelling fixed points of meromorphic maps on some domains in the complex 
plane, under certain combinatorial assumptions. These tools, which are developed in Sec- 
tion |4j have some interest in themselves, since they generalize the results used by Shishikura, 
Bergweiler and Terglane [91 [35] and can be applied in a wider setup. In particular, we use 
them to prove the following result, which completes the proof of the Main Theorem. 

Theorem C. Let f be a transcendental meromorphic map with a cycle of Herman rings. 
Then f has at least one weakly repelling fixed point. 

The proof of Theorem C applies also to the rational setting and is an alternative to Shi- 
shikura's arguments for Herman rings of rational maps. 

The paper is organized as follows. In Section [2] we state and reference some results we use 
in this paper. They include some estimates of the hyperbolic metric, the theorems of Cowen 
and Konig on the existence of absorbing domains and the results of Buff and Shishikura on the 
existence of weakly repelling fixed points for holomorphic maps. Section [3] contains the proof 
of Theorem A. The proofs of Theorems B and C are contained, respectively, in Sections [5] 
and [6] with an initial Section [4] which contain our preliminary results on the existence of 
weakly repelling fixed points in various configurations of domains. 
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2. Background and tools 

In this section we introduce notation and review the necessary background to prove the 
main results of this paper. 

First, we present basic notation. The symbol dist(-, •) denotes the Euclidean distance on 
the complex plane C. For a set A C C, the symbols A, dA denote, respectively, the closure 
and boundary in C. The Euclidean disc of radius r centered at z 6 C and the right half-plane 
are denoted, respectively, by D(z, r) and M. The unit disc D(0, 1) is simply written as D. 

For clarity of exposition we divide this section into three parts. The first one contains 
standard estimates of hyperbolic metric. In the second and third one we present, respectively, 
some known results on the existence of absorbing domains and weakly repelling fixed points 
for holomorphic maps. 

2.1. Hyperbolic metric and Schwarz Pick's Lemma. Let U be a domain in the Rie- 
mann sphere C. We call U hyperbolic, if its boundary in C contain at least three points. By 
the Uniformization Theorem, in this case there exists a universal holomorphic covering it from 
D (or H) onto U. Every holomorphic map F : U —> U can be lifted by tt to a holomorphic 
map G : H — > H, such that the diagram 

G 



U — U 

commutes. By Qui;) and Qui', •) we denote, respectively, the density of the hyperbolic metric 
and the hyperbolic distance in U. In particular, we will extensively use the hyperbolic metric 
in D and H of density 

2 1 

Qo{z) = ^ and g^{z) 



l-\z\ 2 ~ u v ' Re(z) 

respectively. By Djj(z,r) we denote the hyperbolic disc of radius r, centered at z £ U (with 
respect to the hyperbolic metric in U). The following lemma contains well-known inequalities 
related to the hyperbolic metric. 

Lemma 2.1 (Hyperbolic estimates I \12\ Theorem 4.3]). Let U C C be a hyperbolic 
domain. Then 

6U{Z) - distil, dU) f ° rZeU 



and 



eu{z) - dist ( z,^)lg(i ( /dist(,,5c/)) as z -+ du - 



Moreover, if U is simply connected, then 

eu{z) -2di S tl,dU) f ° rZeU - 

Every holomorphic map between hyperbolic domains does not increase the hyperbolic met- 
ric. This very useful result is known as the Schwarz-Pick Lemma. 
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Lemma 2.2 (Schwarz Pick's Lemma |12} Theorem 4.1]). Let U, V C C be hyperbolic 
domains and let f : U —> V be a holomorphic map. Then 

Qv(f{zi),f(z 2 )) < Qu(zi,Z 2 ) 

for every Z\,z 2 G U . In particular, if U C V , then 

Qv(zi,Z 2 ) < QU(Z!,Z 2 ), 

with strict inequality unless f lifts to a Mobius transformation from H onto HI. 

Using the two lemmas above we can easily deduce the following estimate, which will be 
useful in further parts of the paper. We include its proof for completeness. 

Lemma 2.3 (Hyperbolic estimates II). Let U C C be an unbounded hyperbolic domain. 
Then there exists c > such that 

i \ c 

QU{Z) > rTj j-r 

\z\ log \z\ 

if z G U and \z\ is sufficiently large. 

Proof. Since U is hyperbolic, there exist two distinct points Zq,z\ G C \ U, so U is a subset 
of U' = C \ {zq,z\}. By the Schwarz-Pick's Lemma 2.2 we have Qu(z) > Qu'{z) for z G U. 
At the same time, Qu'(z) = cgu"(z) for U" = C \ {0, 1} and a positive constant c, and the 
standard estimates of the hyperbolic metric in U" (see e.g. [HI2]) give 

|z|log(l/|z|) 

as \z\ — > 0. Transforming the metric under 1/z, which leaves U" invariant, we obtain 

\z\ log p| 

as \z\ — > oo, from which the estimate follows. □ 

The following result follows easily from the algebraic properties of universal coverings (see 
e.g. [24, Theorem 2] or [22, Lemma 4]). We include its proof for completeness. 

Lemma 2.4. Let U be a hyperbolic domain in C and let F : U —> U be a holomorphic map, 
such that for some C in the boundary of U in C we have F n {z) — >■ £ as n — > oo for z G {7 . 
Xei 7r : H — t- J7 5e a holomorphic universal covering and let G : H — >• H 6e a Zi/i o/ i 7 6y 7r, 
i.e. F o ir = n o G. Suppose that G is univalent. Then the induced endomorphism F* of the 
fundamental group of U is an isomorphism. Moreover, if additionally, for every closed curve 
7 C U there exists n > such that F n (j) is contractible in U , then U is simply connected 
and ir is a Riemann map. 

Proof. The domain U is isomorphic (as a Riemann surface) to the quotient H/T, where 
r is the group of cover transformations acting on H. The group T is isomorphic to the 
fundamental group of U, denoted by tti(U). For n > let n : T — > V be an endomorphism 
induced by G n (i.e. G n 07 = 6 n {^) o G n for 7 G T). The endomorphism 9 n corresponds to an 
endomorphism 9 n = (F n )* : m(U) vri(C7) induced by F n (see [24]). Set N = {J™=o keTd n, 
N = Un°=o^ er ^™- Since G is univalent, we have N = {id} = N, so (F n )* is an isomorphism. 

Suppose that for every closed curve 7 C U there exists n > such that F n {^) is contractible 
in [/. Then iti{U) = N = {id}, so U is simply connected and tt is a Riemann map. □ 
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2.2. Lifts of maps and absorbing domains. Let U be a hyperbolic domain in C and let 
F : U — > U be a holomorphic map. Recall that an invariant domain W C U is absorbing for 
F in U, if for every compact set K C U there exists n > 0, such that F n (K) C W. The main 
goal of this subsection is to present some results due to Cowen and Kbnig on the existence of 
absorbing domains. 

Recall first the classical Denjoy- Wolff Theorem, which describes the dynamics of a holo- 
morphic map G in H. 

Theorem 2.5 (Denjoy Wolff 's Theorem [U Theorem 3.1]). Let G : M -)• M be a non- 
constant holomorphic map, which is not an automorphism of EI. Then there exists a point 
zq € H U {oo} (called the Denjoy- Wolff point of G), such that G n tends to zq uniformly on 
compact subsets ofM as n — > oo. 

The following result, due to Cowen, gives the main tool for constructing absorbing domains. 

Theorem 2.6 (Cowen's Theorem [13l Theorem 3.2], see also [22l Lemma 1]). Let G : EI — > 

EI be a holomorphic map such that G n — > oo as n — > oo. Then there exists a simply connected 
domain V C EI, a domain Q equal to EI or C, a holomorphic map ip : EI — > 0, and a Mobius 
transformation T mapping onto itself, such that: 

(a) G(V) C V, 

(b) V is absorbing in EI for G, 

(c) (f(V) is absorbing in f2 for T, 

(d) ipo G = To tp on H, 

(e) if is univalent on V . 

Moreover, <p, T depend only on G. In fact (up to a conjugation of T by a Mobius transfor- 
mation preserving £1), one of the following cases holds: 

• n = C, T(uj) = oj + 1, 

• f2 = EI, T(uj) = auj for some a > 1, 

• n = m, t(J) =uj±%. 

Using Cowen's result, Konig proved the following theorem which provides the existence of 
simply connected absorbing domains for F in U under certain assumptions. In particular, 
these assumptions are trivially satisfied if U is simply connected. 

Theorem 2.7 (Konig's Theorem [22]). Let U be a hyperbolic domain in C and let F : U — > 

U be a holomorphic map, such that F n — > oo as n —> oo. Suppose that for every closed curve 
7 C U there exists n > such that F n (j) is contractible in U. Then there exists a simply 



connected domain W C U, a domain O and a transformation T as in Cowen's Theorem |2.6 
and a holomorphic map tp : U — > O, such that: 

(a) F(W) C W, 

(b) W is absorbing in U for F, 

(c) ip(W) is absorbing in O for T, 

(d) ipoF = ToiponU, 

(e) ip is univalent on W . 



In fact, if we take V and ip from Cowen's Theorem \2.6\ for G being a lift of F by a universal 
covering tt : EI — > U, then it is univalent in V and one can take W = tt(V) and ip = (p o tt -1 , 
which is well defined in U . 
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Moreover, if f is a meromorphic map with finitely many poles, and U is a periodic Baker 
domain of period p, then the above assumptions are satisfied for F = f v , and consequently, 
there exists W C U with the properties (a) -(e) for F = f p . 

2.3. Existence of weakly repelling fixed points. We shall use several tools to establish 
the existence of weakly repelling fixed points in certain subsets of the plane. The results in 
this section will not be used until Section 03 

The first classical result in this direction is due to Fatou. 

Theorem 2.8 (Fatou [28, Corollary 12.7]). Every rational map f : C — > C with deg(/) > 2 
has at least one weakly repelling fixed point. 

In view of this, a map which locally behaves as a rational map should also have points of 
the same character. This is formalized in the following two propositions. By a proper map 
/ : D' — > D we mean a map from D' onto D, such that for every compact set X C D, the set 
is compact. Proper maps always have a well defined finite degree. 

Theorem 2.9 (Polynomial-like maps [E]). Let D and D' be simply connected domains in 
C such that D' C D and let f : D' — > D be a proper holomorphic map. Then f has a weakly 
repelling fixed point in D' . 



Indeed, if degf\rj> = 1, then / is invertible and, by Schwarz-Pick's Lemma 2.2 applied to 
/ , the map / has a repelling fixed point. Otherwise, (/, D' , D) form a polynomial-like map. 
By the Straightening Theorem (see [IS]), /|d' is conjugate to a polynomial and therefore has 
a weakly repelling fixed point. 

Theorem 2.10 (Rational-like maps |10j). Let D and D' be domains inC with finite Euler 
characteristic, such that D' C D and let f : D' —> D be a proper holomorphic map. Then f 
has a weakly repelling fixed point in D' . 

Maps with this property are called rational- like (see |32j). The proof of the result above 
is due to Buff and can be found in [10J, where he actually shows the existence of virtually 
repelling fixed points, which is a stronger statement. (Note that in [10] rational-like maps are 
assumed to have degree larger than one. However, the proof is valid also in the case of degree 
one.) 

In the following result, also proved in |10| . the hypothesis of compact containment is relaxed. 
In return, the image is assumed to be a disc. 

Theorem 2.11 (Rational-like maps with boundary contact [10!). Let D be an open 
Euclidean disc in C and D' C D be a domain with finite Euler characteristic. Let f : D' —> D 
be a proper map of degree greater than one, such that \f(z) — z\ is bounded away from zero as 
z — > dD' . Then f has a weakly repelling fixed point in D' . 

By a meromorphic map on a domain DcCwe mean an analytic map from D to C. The 
result above implies the following corollary. 

Corollary 2.12 (Rational-like maps with boundary contact). Let D be a simply con- 
nected domain in C with locally connected boundary and D' C D a domain in C with finite 
Euler characteristic. Let f be a continuous map on the closure of D' in C, meromorphic in 
D' , such that f : D' — >■ D is proper. If deg/ > 1 and f has no fixed points in dD n dD' , or 
degf = 1 and D / D' , then f has a weakly repelling fixed point in D' . 
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Proof. Suppose deg / > 1. Changing the coordinates in C by a Mobius transformation, we can 
assume D C C. Let <p be a Riemann map from the unit disc D onto D. Since the boundary of 
D is locally connected, the map 93 extends continuously to D. Let g = (p o / o ip on tp~ l (D'). 



Then g : ip~ l {D') — > D satisfies the assumptions of Theorem 2.11 Indeed, one should only 
check that \g(z) — z\ is bounded away from zero as z — > d(ip~ L (D')). If it was not the case, 
then there would exists a sequence z n G (p~ 1 (D l ) with z n — > d(ip~ 1 (D')) and \z n — g(z n )\ — > 0. 
We can assume z n — > z S d(ip~ 1 (D')). Then g(z n ) — > z, ^>{z n ) — > (p{z) and (p(z) is in the 
boundary of D' , so f(ip{z n )) = ip(g(z n )) — > ip(z) and f((p(z)) = (f(z). Since / : D' — )■ D is 
proper, 93(2;) is in the boundary of D, so ip(z) is a fixed point of / in the intersection of the 
boundaries of D and D', which contradicts the assumptions of the corollary. 

If deg/ = 1, then by the Riemanm-Hurwitz Formula, D' is simply connected and / is 
invertible, so the existence of a repelling fixed point of / follows from Schwarz-Pick's Lemma 
T2] applied to □ 



To apply this corollary we have to ensure the local connectedness of the boundary of the 
domain. To do so we shall often use the following result due to Torhorst. 

Theorem 2.13 (Torhorst's Theorem [351 P- 106, Theorem 2.2]). If X is a locally con- 
nected continuum in C, then the boundary of every component ofC\X is a locally connected 
continuum. 

We conclude this section stating a surgery result due to Shishikura, which will be general- 
ized in Section |4] (see Proposition 4.7). 



Theorem 2.14 (Shishikura |35j Theorem 2.1]). Let Vq, V\ be simply connected domains in 
C with Vq 7^ C and let f be a meromorphic map in a neighbourhood N of C \ Vq, such that 
f(dVo) = dVi and /(Vb n N) C V\. Suppose that for some k > 1, the map f k is defined on 
V\, such that 

f j (V 1 )nV = ttforj = 0,...,k-l and f k (V[)cVo. 
Then f has a weakly repelling fixed point in C \ Vq. 
See Figure [TJ 




Figure 1 . Setup of Theorem 
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3. Proof of Theorem A 



The general setup for this section is the following. Let U be a hyperbolic domain in C. 
Then there exists a holomorphic universal covering tt from H onto U. Take a holomorphic 
map F : U — > U as in Theorem A. Then F can be lifted to a holomorphic map G : M — )■ M, 
such that 

F O TT = TT O G. 

Since F has no fixed points, the map G has no fixed points either, so by the Denjoy-Wolff 's 
Theorem 2.5 conjugating G by a suitable Mobius transformation preserving H, we can assume 
that G n — > oo as n — > oo. Hence, by Cowen's Theorem 2.6 G is semi-conjugated to a Mobius 
transformation T on tt by a map </?, which is univalent on V. In other words, we have the 
following commutative diagram. 



<p(y) c n 



V C 



G 



-> u 



u - 

We use the above notation throughout the proof. 

Since the proof of Theorem A is rather technical, we first briefly discuss its geometric ideas. 

We will define the absorbing set W as the projection W = ir(ip~ 1 (A)) of a suitable domain 
A C i piV) 1 which is absorbing for T. Then one can easily show that W is absorbing for 
F. However, we should be careful to define A sufficiently "thin", so that W C U and 
n~=i F n (W) = (a priori, we could have e.g. W = U). 

Notice that the map T is an isometry in the hyperbolic metric in HI (in the case tt = H) 
or the Euclidean metric in C (in the case tt = C). Hence, the idea is to define A (in the case 
tt = H) in the form 

a= (J p H (r», Cn ) 

for a point oj £ tt and a suitable sequence c n which increases to oo sufficiently slowly (in 
the case tt = C we take Euclidean discs instead of hyperbolic ones). Then we show that 
A C A is absorbing for T and (by Schwarz-Pick's Lemma), T(A) C A. Moreover, 

taking a suitable sequence c n , we can achieve 



U 2W^»A) 



n>m 



for any given sequence b n with b n — > oo. (Notice that since V C H is simply connected and 
ip is univalent, the set <p(V) is simply connected and (p(V) C C, so (f(V) is hyperbolic.) The 



precise construction of the suitable domain A will be done in Proposition 3.1 

Then, using Schwarz-Pick's Lemma, for any zq G U and any sequence r n 
will choose oj and b n such that 



with r n — > oo we 



W = ir&- 1 (A)) C \JV v (F r 



n>0 
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Taking r n converging to oo slowly enough, depending on the speed of escaping of F n (zo) to 
oo, we will show that W is sufficiently "thin" to satisfy the assertions of Theorem A. Notice 
that although we construct A to be simply connected, the set W will not be in general simply 
connected, unless U is simply connected. 

The construction of the absorbing domain A is done in the following proposition. 



Proposition 3.1 (Absorbing domains in fl). Under the notation of Cowen's Theorem 2.6 
for every uj G ft and every sequence of positive numbers {6 n }n>o with limn^oo b n = oo, there 
exist m G N and a simply connected domain A CZ O, with the following properties: 

(a) AC \X=m^{V){T n ^),bn) C <p<y), 

(b) T(A) c A, 

(c) A is absorbing for T in fL 

Moreover, if Q = C, T(ui) = oj + 1, then for every uj G 0, and b > there exist a sequence 
{b n }n>o with b n < b and lmin^oo b n = 0, a number m £ N and a simply connected domain 
Acfi, such that the conditions (a) -(c) are satisfied. 



Proof. The proof splits in two cases, according to f2 = H or SI = C in Cowen's Theorem 2.6 



Case 1. H — M. Then T(ui) = aw, a > 1 or T(uj) = ui db i. Notice that in this case T is an 
isometry with respect to the hyperbolic metric in EL Take uj G EI and a sequence {fr n } n >o of 
positive numbers with b n — > oo as n — > oo. 

To define the domain A, first we claim that there is m G N and a sequence of positive 
numbers {d n } n >o with d n — > oo as n — > oo, such that 



(1) V^(T n (ui),d n ) <Z ip(V) for every n > m. 



To see the claim, suppose it is not true. Then there exists d > such that T>^(T n (uj), d) <£_ 
<p(V) for infinitely many n, which contradicts the assertion (c) of Cowen's Theorem for the 
compact set K = T>^(u,d). Hence, we can take a sequence {d n }n>o satisfying ([!]). 
Now we define the absorbing set A as 



A = |J V m (T< 

n=m 

where 



[UJ 



for 



- min ( inf In — — — - — -, £e(T n (w), uj) 

2 \^k>n 1 — B^Dfo 



r> _ ^ n _ ~ 

e" n + 1 e ffln + 1 



Since, by definition, b n , d n > and b n — > oo, d n — > oo as n — > oo, it follows that < B n < 1, 
< D n < 1 and B n — > 1, D n — )■ 1 as n — > oo. Hence, the definition of c n implies (notice 
that Qw(T n (uj) , uj) f~ oo as n — > oo) that {c n } n >o is positive, increasing, tends to infinity and 
satisfies 

To ensure that A is a domain we enlarge m if necessary, so that c n > qu(uj,T(uj)) = 
Qu(T n+l (ui),T n (ui)) for all n > m. Hyperbolic discs in EI are Euclidean discs, so they are 
convex. Consequently, A is simply connected, because it is a union of convex sets, all of them 
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intersecting the straight line containing the trajectory of T n (u>) under T. Notice also that 
defining 

_ e c " - 1 

we have C n > and c n = ln((l + C n )/(1 — C n )), so 

(2) C n < B n D n < D n and c n < d n . 

The main ingredient to end the proof of the proposition is to show that the closure of A 
equals the union of the closures of the respective discs, i.e. 

oo 

(3) A = (J V m (T n (u),c n ). 

n=m 

Before proving ^ we show how it implies the particular statements of the proposition. To 
prove the statement (b), it is enough to use ^ and notice that 

T(V m (T"(u),c n )) = V m (T^(oj),c n ) C V m (T n+1 (oj), c n+1 ), 

because c n +i > c n . To show the assertion (c), take a compact set K CM. Then K C T>a(oj, r) 
for some r > 0, so 

T n (K) C T n (V m (uj,r)) = V m (T n (u>) , r) C V m (T n (oo) , c n ) C A 

for sufficiently large n, because c n — > oo. 

Now we prove the statement (a) of the proposition. By ([3]), it suffices to show that 

(4) V M (T n (uj),c n ) C V v{v) (T n (co),b n ). 

Note that by ([!]) and Schwarz-Pick's Lemma 2.2 for the inclusion map, we have 

V Vli{Tn(u])4n) {T^{uj),b n ) C 2^ (y) (T"H, bn), 
and so, to show Q it is enough to prove 

(5) P H (r»,c n ) C V Vm{T n {u})>dn) (T n (u),b n ). 

To show ([5]), let h\ be a Mobius transformation of C mapping H onto D with hi(T n (uj)) = 0. 
Then 

/ii^h^M,^)) = v B (o,c n ), 

^l(^e(r"H,d n )(r n (w),6n)) =^D ro (0,d„)(0,6n) = ^»B(0,D n ) (0, b n ), 

where the later equality follows from the definition of D n and the formula for the hyperbolic 
metric in D. Hence, to prove ([5]), it suffices to check that 

(6) £> D (0,C„) C I*D(0,D n )(0,fen)- 

Let h,2(v) = v/D n be the Mobius transformation which maps univalently D(0, D n ) onto D. 
Similarly as before, we have 

C n 



h 2 (V o (0, cn)) = h 2 (B{0, C n )) = D I 0, D 

h 2 (V mDn) (0,b n )) =V o (0,b n ) =O(0,B n ). 
Therefore, to prove ([6]) (and consequently Q and the statement (a)), it is enough to show 

0,^ CD(0,B„), 
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which holds by Q. 

To end the proof of the proposition, it remains to prove ([3]). Obviously, it suffices to show 
the inclusion A C \J n ° =m '^hi(T n (u)),c n ). Take v G A and a sequence G A such that v k — > v 
as k — > oo. By the definition of A, there exists a sequence n& > m, such that 

v k eV m (T n "(uj),c nk ). 

Since, by definition, c nk < gm(T nk (uj),uj)/2, we have 

Q0(T^M > ^ > m{T n k{u})jVk) > m (T n *(Lu),Lu) - QR(v k ,U>), 

SO 

gH(r"*M,a;) 

eHK,^) > . 

On the other hand, the sequence Qm{vk-,^) is bounded, because v k — > v. Hence, the sequence 
Q^(T nk (co), lu) must be bounded, so n k is bounded. Therefore, taking a subsequence, we can 
assume that there exists n > m such that n k = n for every k, so 

v k eV u (T n (u),c n ). 

This implies 



v G P H (T™H,c n ), 

which finishes the proof of ([3]) . 

Case 2: f2 = C. In this case T(lj) = + so T is an isometry with respect to the Euclidean 
metric in C. Since most of the arguments here are similar to the previous case (with the 
Euclidean metric instead of the hyperbolic one), we skip some details. 

Similarly as before, we claim that the absorbing region (f(V) must contain a union of 
appropriate discs of increasing radii. More precisely, for a given u G C there exists m G N 
and a sequence {d n } n >o of positive numbers with d n — > oo as n — > oo such that 



(7) D(T n (w), dn) C (f(V) for every n > m. 



(If the claim was not true, then for the compact set K = D(w, d) we would have a contradiction 
with the assertion (c) of Cowen's Theorem.) Hence, in what follows we will assume that the 
sequence {d n } n >o satisfies Q. 

Take b > and let b n = \j\fd~n — > 0. Enlarging m if necessary, we may assume b n < b for 
all n > m. We define the absorbing set A as 



UJ 



A = (J B(T n ( 

for 

c n = \ min ( inf 6 - rf fc , n 
2 \fc>n e 0fe + 1 

Clearly, {c n } n >o is an increasing sequence of positive numbers. Moreover, we have 

(8) c n < — — —d n < d n and -r — — -d n = j= d n -)■ oo 



+ 1 e b " + 1 e i/V*. + i 



as n — )• oo. Hence, c n — )• oo. 
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As in the previous case, enlarging m if necessary, we can assume A is a domain. Moreover, 
A is simply connected, since it is a union of Euclidean discs intersecting the straight line 
containing the T-trajectory of uj. 

The main ingredient of the proof is to prove 

oo 

(9) A = [j B(T n (oj),c n ). 

n=m 

As in Case 1, first we show how J9j) implies the particular statements of the proposition. To 
show the statement (b) , we use (19^ and notice that 

T(B(T™( W ),c n )) = D(T«+!H,c n ) C D(T n+1 H, c n+1 ), 

because c n+ \ > c n . To prove the assertion (c), take a compact set K C C. Then K C D(w, r) 
for some r > 0, so 

T n (K) cT n (B(w,r)) =B(T n (uj),r) cD(T"(w),c n ) C A 

for sufficiently large n, because c n — > oo. 

To prove the statement (a), in view of Q, it suffices to show 

(10) B(T n (uj),c n ) cV^ v) (T n (oj),b n ). 
Note that by ([7]) and Schwarz-Pick's Lemma 2.2 we have 

^(T'^A^'HA) C 2? v(v) (T™ (a,) , b n ), 



so, to show (10), it is enough to prove 

(11) B(T n (u),c n ) C V D{Tn{ul)4n) (T n (u),b n ). 

To see this is true we apply the univalent function h{v) = (v — T n (u)) /d n , which maps 
B(T n (u),d n ) onto D. We have 



MB(T>),c n ))=B(o,^ 



^(^B(T«H,d n )(T n (w),6 n )) = V o (0,b n ) = D ( 0, 



Therefore, to prove (11) (and consequently the statement (a)), it is sufficient to check 



c n \ m /„ e b " - 1 



0, ~ C D 0, 



dn/ V ' ebn + 1 
which follows from Q. 

Finally, we prove As in Case 1, it suffices to show A C U^= m 0(T n (a;), c„). Take 
and a sequence t> & G A such that — > v as /c — > oo. Then there exists a sequence > to, 
such that 

Since, by definition, c nk < n k /2, we have 

y > c nfc > |T" fe (u;) - v k \ = \n k + uj - v k \ >n k - \oj\ - \v k \, 

so 

\ v k\ > y - M- 
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On the other hand, the sequence is bounded, because Vk — > v. Hence, the sequence n& 
must be bounded, so taking a subsequence, we can assume that = n for every k and some 
n > m, so 

v k G D(T n (w), c„) for every k > and v G D(T n (o;), c n ). 
Hence, @ follows. □ 



With Proposition 3.1 in hand, we are ready to prove Theorem A. We construct the absorb- 
ing region W by projecting A into the domain U. 

Proof of Theorem A. Changing coordinates in C by a Mobius transformation, we can assume 
£ = oo. Then the assertions (b)-(d) of Theorem A have the form 

(b) W CU, 

(c) F n (W) = F n (W) C F n ~ l (W) for n > 1, 

(d) f)n=lF n (W)=®. 

Note that by Lemma |2.3[ there exist c > and a large r > such that 

c 



(12) 



Qu(u) > 



for u G U, \u\ > r. 



\u\ log |u| 

Fix some vq G <p(V) and let zq = tt^^ 1 ^)). Since F n {zo) — > oo, replacing vq by T^(vq) for 
sufficiently large j, we can assume 

(13) |F n (z )| > r logr > r for every n > 0. 

Take z G U and a sequence of positive numbers {r„} n >o with r n — > oo. Fix a number 
no G N such that 

(14) 

We define the sequence 
(15) 



r n > 2qu(z, zq) for every n > uq. 



^ min ( r n , - inf log log \F k (z ) 

I \ I k>n 



Clearly, a n — > oo as n — > oo. Let A C be the domain from Proposition 3.1 with cj = T n °(vo) 
and b n = a n + no . Finally, define 

W = 7r(ip" l (A)). 
By construction, we have the following commutative diagram. 



a c (p(V) c n 



V l {A) C V C 



G* 



7T 


7T 


7T 


7T 











w c tt(v) c c/ - 

In the remaining part of the proof we show that VF satisfies the conditions listed in Theorem A. 



First, we prove the statement (a). By Proposition 3.1 we know that, for some m G N, 



(16) ic[JV)( T >),y= (J ^(V)(T n (v ),a n )c |J (T>o),. 

n=m n=m+no 



n=no 
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Hence, by Schwarz-Pick's Lemma |2.2| for (p^ 1 and the inclusion map, we obtain 

oo oo oo 

V~\A)<Z \J V v (<p- 1 (T n (v )),a n )= (J V v (G n (^- 1 (v )),a n )c (J T>n{G n {v Q )) , a n ) 

n=no n=no n=no 

and 

oo oo 

Wc (j V u (n(G n (tp- 1 (v ))),a n )= (J V v (F n (z ) , a n ) . 



n=ng 



n=no 



Using this together with ( |14[ ), (15) and Schwarz-Pick's Lemma 2.2 we get 

oo 

WC |J T>u(F n (z),a n + gu(F n (z), F n (z ))) 

oo oo 

C |J Vu(F n (z),a n + 0u (z,z o ))c [j Vu(F n (z),r n ), 



n=no 



n=riQ 



n=no 



which ends the proof of the statement (a). 

Now we prove the assertions (b)-(d). Fix j > and consider an arbitrary u G Fi(W). Let 
{wk}k>i be a sequence of points in W, such that for u k = F 3 {wk) we have u k — )■ u as k — > oo. 
Since W = 7r(<^ -1 (yl)), there exists a sequence of points Ufc G A with = ^(i^ -1 ^)). By 

(16) , for every k there exists > no, such that 

(17) v k eV v{v) (T n *(v Q ),a nk ). 
Thus, by Schwarz-Pick's Lemma |2.2[ we have 

(18) w k G Vu(F nk (z ),a nk ), u k G V v (F n ^ (z ),a nk ). 
The key ingredient in the proof of the assertions (b)-(d) is to show 



(19) 



\Uk\ > e 



y/\og\F n k+i( Zo )\ 



To prove (19), take 7& : [0, 1] — >• U to be a curve in U such that 7fc(0) = F Hk+J (zq), 7fc(l) = Ufc, 



(20) 
and let 



Qu(Z)\dZ\<2Q U {F n *+>(z ),u k 



t k = sup{t G [0, 1] : |7fc(i')| > r for all < t' < t}. 



By (13), |7fc(0)| > r, so tk is well defined. Moreover, we have |7&(i)| > r for t G [(),£&] and 
|7fc(ifc)| G {r, |7fc(l)|}. Notice that if |7fc(0)| < |7fc(l)|, then (19) follows from (13). Hence, we 
may assume |7fe(0)| > |7fc(l)|) which implies |7fc(0)| > \^k(tk)\- Using this together with (12), 
(fl5b, dl8b and d20b , we obtain 



loglog|F™^(z )| > a nk > Qu(F n * + \z ),Uk) 



> 



Qu(0\dH\ > 



7k([o,t*D 



Qu(ZM\ > 



> 



hk(o)\ ds 



([o,t k ]) ICI log lei 2 J\i k (t k )\ sl °gs 

;(loglog|F™^(z )| - l0gl0g| 7fc (t fc )|), 
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where the later inequality follows from the definition of the Riemann integral. We conclude 
that log log |7fc(tfc)| > (log log \F nk+3 (zq)\) /2, which means 

(21) bfcftOI > eViosl^MI 

In particular, this implies that |7fc(tfc)| 7^ r, because otherwise we have a contradiction with 
(fl3|. Hence, \jk(tk)\ = |7ifc(l)l = \ u k\, so ([2ll shows (FL9). 



Having (19), we now prove the assertions (b)-(d) of Theorem A. First, notice that since 
Ufc — > u as k — > 00 and F n (zo) — > 00 as n — > 00, (fl9|) implies that the sequence is bounded. 



Hence, (17) shows that the sequence is bounded, so taking a subsequence, we can assume 
that 

v k ^ v £ A, 



and, by Proposition 3.1 v G f{V). Therefore, by continuity, 

Wk -t w = 7r((^ _1 (u)) eW nU and F 3 '(k;) 



(22) 



u. 



Recall that u was taken as an arbitrary point in Fi(W). Hence, for j = 0, (22) implies 
u = w £ U, which proves the statement (b) and shows that F 3 {W) is well defined for 
j > 1. To prove the assertion (c), notice that ( |22[ ) gives u = F 3 (w) G F 3 (W), which shows 
Fi(W) C F j (W). On the other hand, the inclusion F j (W) C W(W) is obvious by the 
continuity of F 3 , so -F J (W) = i^'(W) for j > 1. To end the proof of the asserti on ( c), it is 
sufficient to show F 3 (W) C i ? - J_1 (W / ) for j > 1. To do it, notice that Proposition 3.1 implies 
T(v) G T(A) C A, so for j = 1 ([22]) gives u = F(w) = F{n(ip- l (v))) = Tr(ip- l {T(v))) G 
Hence, 

F(W) = F(W) C W. 

This and induction on j proves F 3 (W) C i* 7 "* (W) for j > 1, which ends the proof of the 
assertion (c). 



To show the statement (d), notice that (19) implies \u\ > inf n > J+no eV' lo 8l f "( 2 o)l ) so 



F 3 (W) =FJ(W) cc\: 



0, inf r 



^/log|F"(z )| 



This proves (d), because F n (zo) — > 00 as n — > 00. 

Now we show the statement (e). Take a compact set K <Z U and a point u £ K. Let 
it) G EI be such that ir(w) = u and take N(w) to be an open neighbourhood of w, such 
that N(w) C H. Then tt(N(w)) is an open neighbourhood of u, so by the compactness of 
K, we can choose a finite number of points u±, . . . ,Uk G K, such that if C Uj=i ^(N(wj)). 



Since L = Uj=i c f{^( w j)) is a compact set in Q, by Proposition 
T n (L) C A This implies 



3.1 



there exists n such that 



[J G n (N{ Wj )) c ip- 1 Q THrtNfa))) = 1 MJ ^(G w (iVK-))) C ^(A), 



so 



vi =1 

A: 



vi =1 



F»(J0 C (J F>(iY(^))) = U vr(G"(iV(^))) C W, 
which ends the proof of the statement (e). 
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To end the proof of Theorem A, notice that by Proposition 3.1, the domain A is simply 
connected, T\a ■ A — > A is univalent and the map ir o 9? _1 |a is a holomorphic covering 
conjugating T\a to F\w '■ W — > W. Hence, the lift of F\w under a universal covering is 



univalent. By Lemma 2.4 the induced endomorphism (F\\y)* of the fundamental group of 



W is an isomorphism. This ends the proof of Theorem A. □ 

4. Configurations of domains and their images 

In this section we present preliminary lemmas which we use repeatedly throughout the 
proofs of Theorems B and C. They provide the existence of weakly repelling fixed points for 
meromorphic maps in some domains under certain combinatorial conditions related to the 
configuration of the domain and its subsequent images. These lemmas are formulated in a 
general setup and may have further applications apart from the ones used in this paper. 

The first lemma shows that a meromorphic map is proper on bounded components of the 
preimage of a domain with finite Euler characteristic. 

Lemma 4.1 (Proper restrictions of meromorphic maps). Let D C C be a domain with 
finite Euler characteristic and let f be a map, which is non- constant and meromorphic on a 
neighbourhood of D' , where D' is a bounded component of f~ 1 (D). Then D' has finite Euler 
characteristic and the restriction f : D' — )• D is proper. 

Proof. Clearly, we have f(D') = D. Since D has finite Euler characteristic, its boundary 
has a finite number of connected components, and each component of 3D' is mapped by / 
onto a component of dD. Hence, the boundary of D' has finitely many components, because 
otherwise we could find wq in the boundary of D, such that / takes the value wq on a set with 
an accumulation point in D', so / = wq. This implies that D' has finite Euler characteristic 
and / : D' — )■ D is proper. □ 

Definition (Exterior of a compact set). For a compact set X C C we denote by ext(X) 
the connected component of C \ X containing infinity. We set K(X) = C \ ext(A). For a 
Jordan curve 7 C C we denote by int(7) the bounded component of C \ 7. 

The following facts are immediate consequences of some standard topological facts and the 
maximum principle. We will use them repeatedly without explicit quotation. 

Lemma 4.2 (Properties of K(X) and ext(X)). Let X C C be a compact set. Then: 

(a) if X is connected, then ext(A) is a simply connected subset of C and K(X) is a 
connected subset ofC, 

(b) if X has a finite number of components, then ext(A) has finite Euler characteristic, 

(c) K(X) is a full compact set in C, 

(d) ifYcX is a compact set, then ext(y) D ext(A) and K(Y) C K(X), 

(e) if f is meromorphic map in a neighbourhood of K(X) and K(X) does not contain 
poles of f, then f{K{X))cK(f{X)). 

The next lemma shows that the multiple connectivity of a Fatou component U implies the 
existence of a pole of / in a bounded component of the complement of some image of U. This 
will be an important property used in the proofs of the main theorems. 

Lemma 4.3 (Poles in loops). Let f : C — > C be a transcendental non-entire meromorphic 
map and let 7 C C be a closed curve in a Fatou component U of f, such that K( / y)nJ(f) 7^ 0. 
Then there exists n > 0, such that K{f n {^)) contains a pole of f . Consequently, if U is 
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multiply connected then there exists a bounded component of C \ f n (U), which contains a 
pole. 

Proof. If / has exactly one pole which is an omitted value, then / is a self-map of a punctured 
plane and the claim follows easily from [3, Theorem 1]. Hence, we can assume that / has 
at least two poles or exactly one pole, which is not an omitted value. Then prepoles are 
dense in J(f), so there is a prepole in if (7). Suppose K(f n ('j)) does not contain poles of 



/ for every n > 0. Then f n is holomorphic in a neighbourhood of K{p/), so by Lemma 4.2 
f n (K(~{)) C K{f n { , y)) for every n > 0. Hence, K{^) cannot contain any prepoles of /, which 
gives a contradiction. □ 

The next lemma is a consequence of Buff's results on the existence of weakly repelling fixed 



points for rational-like maps (Theorem 2.10 and Corollary 2.12). 

Lemma 4.4 (Boundary maps out). Let £1 C C be a bounded domain with finite Euler 
characteristic and let f be a meromorphic map in a neighbourhood o/fL Assume that there 
exists a component D of C \ f(d£l), such that: 

(a) UcD, 

(b) there exists zq G £1 such that f(zo) G D. 

Then f has a weakly repelling fixed point in . Moreover, if additionally £1 is simply connected 
with locally connected boundary, then the assumption (a) can be replaced by: 
(a') fiCfl and f has no fixed points in d£l n /(90). 




Remark. Observe that if f2 is simply connected with locally connected boundary, then f(dCl) 
is allowed to have common points with <9f2 (see Figure [2]) . A version of this lemma requiring 
f(dfl) to be disjoint from dO, and f(zo) = 00 appeared in [91 Lemma 1]. 

Proof of Lemma 4.4 By the assumption (b), there exists a component D' of f^ 1 (D) contain- 
ing zq. Observe that 

d' c a 

To see this, suppose that D' is not contained in $7. Then there exists z S D' D d£l. Conse- 
quently, f(z) G D n f(dfl). This is a contradiction since, by definition, D n f(d£l) = 0. 

As a consequence, D 1 is bounded. Moreover, since SI has finite Euler characteristic, d£l (and 
hence f(d£l) and dD) has a finite number of components, so D has finite Euler characteristic. 
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Therefore, by Lemma 4.1 D' has finite Euler characteristic and the restriction f : D' —> D 
is proper. Moreover, the assumption (a) implies D' C D. Hence (possibly after a change 
of coordinates in C by a Mobius transformation), / : D' — > D is a rational-like map, so by 
Theorem 2.10 the map / has a weakly repelling fixed point in D' C ft. 

Finally, assume that ft is simply connected with locally connected boundary, and the as- 
sumption (a) is replaced by (a'). Then dft (and hence f(dft)) is a locall y connected continuum 
in C, so D is simply connected and, by the Torhorst Theorem 



2.13 



has locally connected 

boundary. Moreover, since D' C ft C D and the boundary of D is contained in f(dft), the 
intersection of the boundaries of D and D' is either empty or is contained in dft n f(dft). 
This together with the condition (a') implies that the restriction / : D' — > D satisfies the 
assumptions of Corollary |2.12[ which ends the proof. □ 



In particular, Lemma 4.4 implies the following two corollaries (see Figures pH4 



Corollary 4.5 (Continuum surrounds a pole and maps out). Let X C C be a contin- 
uum and let f be a meromorphic map in a neighbourhood of K(X). Suppose that: 

(a) / has no poles in X, 

(b) K(X) contains a pole of f , 

(c) K{X) C ext(/(X)). 

Then f has a weakly repelling fixed point in the interior of K{X). 



f(X) 




Figure 3. Setup of Corollary 4.5 



Proof Let p £ K(X) be a pole of /. Observe that by the assumption (a), the set f(X) (and 
hence K(f(X))) is a continuum in C. Moreover, (a) implies 

peficfic K(X) 

for a bounded simply connected component £1 of C \ X. We have d£l C X, which gives 
f(dQ) C f(X), so by the assumption (c), 

K(X) C ext(/(an)), 

which implies ft C ext(f(dft)). 

Let D = ext(f(dft)). We have ft C D, p G ft and f(p) = oo € D. Hence, the assumptions 
of Lemma |4.4| are satisfied for ft,D,p, so / has a weakly repelling fixed point in ft, which is 
a subset of the interior of K{X). □ 

Corollary 4.6 (Continuum maps out twice). Let X C C be a continuum and let f be a 
meromorphic map in a neighbourhood of X U K(f(X)). Suppose that: 

(a) f has no poles in X, 
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(b) X C K(f(X)), 

(c) / 2 (X) C ext(/(X)). 

Then f has a weakly repelling fixed point in the interior of K(f{X)). 




Proof. By the assumption (a), the set f(X) (and hence K(f(X))) is a continuum in C and 
f 2 (X) is a continuum in C. Moreover, X n f(X) = (otherwise f(X) n / 2 (X) / 0, which 
contradicts the assumption (c)). Hence, by (b), 

X CftcUc K(f(X)) 

for some bounded simply connected component Q of C \ f{X). We have dQ C f(X), so 
f(dQ) C f 2 (X) and by the assumption (c), 

]((/(I))cC\/ 2 (I)cC\/(9!]), 

which gives K(f(X)) C D for some component D of C\f(d£l). Consequently, 0, C K(f(X)) C 
Z). Moreover, for any zq £ -X" we have £ and /(^o) £ f{X) C -D. Hence, the assumptions 



of Lemma 4.4 are satisfied for 0, L>, zo> so / has a weakly repelling fixed point in £1, which is 



contained in the interior of K(f(X)). □ 

The previous results gave some conditions for the existence of a weakly repelling fixed point 
in the case when a closed curve is mapped by / into its exterior. The following proposition, 



which is a considerable generalization of Shishikura's Theorem 2.14 gives conditions for the 
existence of a weakly repelling fixed point in the case when a closed curve before mapping 
out is mapped by / several times into its interior (see Figure [5]). 

Proposition 4.7 (Boundary maps in). Let Q C C be a bounded simply connected domain 
and let f be a meromorphic map in a neighbourhood of Q. Suppose that: 

(a) there exists m > 2, such that f m is defined on dil, 

(b) P(8Q) cUforj = l,...,m-l, 

(c) f m {dvt) nn = 0. 

Then f has a weakly repelling fixed point in fL 



Proof We proceed by contradiction, i.e. we assume that / has no weakly repelling fixed points 
in Q. The proof is split into a number of steps. 
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f m (dn) 




Figure 5. Possible setup for Proposition 4.7 



Step 1. First, note that the simple connectedness of Q implies that d£l (and hence f J (dQ) 
for j = 1, . . . , to) is connected. Moreover, the following conditions are satisfied: 

(23) <9f2, f{dQ), . . . , f m {dQ) are pairwise disjoint, 

(24) K(f j (dQ))cQ for j = l,...,m-l. 



To see (g, notice that if z G f (dtl) n f 3 (dtl) for some < f < j" < m, then f m ~^ (z) G 
jm+j -j (,9f]) n f m (dO,) and < m+f — j" < to, which contradicts the assumptions (b)-(c). 
Hence, (p3|) follows. Now (23) together with (b) implies (24). 



Step 2. We show that we can reduce the proof to the case 

(25) f j+1 (dn) C ext(f j (dn)) for j = 1, . . . , to - 1. 

To see this, suppose that there exists jo G {1, . . . , to — 1} such that fi° +1 (dQ) C K(fi°(d£l)) 



and take the maximal number jo with this property. Then by the assumption (c) and (24), 
jo 7^ to — 1 and /■ ?0+1 (9r2) C Oq C f2 for some bounded simply connected component of 



C\p°(dn). We have f k (dn ) C f k+ ^(dCl) for fc > 0. Hence, it follows from ([24]) and (c) that 
there exists too > 2 such that fi(d£lo) C Slo for j = 1, . . . , too — 1 and f m °(dflo) n Oo = 0- 
Thus, the assumptions (a)-(c) are satisfied for fio, too- Since jo was maximal, this implies 
that replacing, respectively, O and m by Jlo and too, we can assume /■ 7+1 (OJ7) G! K(P (80,)) 
for j = 1, . . . , to — 1. Since by (|23l), there is no intersection between the images of d£l, we 



have proven that we can reduce the proof to the case (25) 



Step 3. We claim that there exists a Jordan curve o\ C C close to f(d£l) such that: 

(26) int((Ti) D K(f(dQ)), 

o\ contains no values of critical points of / in 0, 

(27) <ti, /(o"i), . . . , f m ~ 2 (<Ji) are pairwise disjoint subsets of f2 and / m ~ 1 ('7i) H SI 

(28) / J+ Vi) C extC/VO) for j = 0,...,TO-2. 



The existence of a curve satisfying these four conditions follows easily from ( 23 ) , ( 24 ) , ( 25 ) , 
the assumption (c) and the fact that the set of critical points in SI is finite. 
We then consider the set 

D = ext(<Ti). 



By the assumption (c) and (27), we have f m {d£l) C D. Hence, there exists a component 
D' of f^ 1 (D) containing f m ~ L (dft). By definition, D' intersects O and contains a pole of /. 
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Consequently, 



d' c n, 



because otherwise D' nd£l ^ 0, so Df)f(dQ) ^ 0, which is impossible by (26). Therefore, D' 
is bounded and by Lemma 4.1 it has finite Euler characteristic and the restriction / : D' — > D 



is proper. In fact, since dD contains no values of critical points of / in dD 1 , the boundary 
of D' consists of finitely many disjoint Jordan curves, / is a finite degree covering in a 
neighbourhood of every component of dD' and maps this component onto o\ . 

We now define a$ to be the Jordan curve, which is the boundary of the unbounded com- 
ponent of C\D'. Notice that D' C int(<ro) C fi, moreover hit (do) contains a pole of / and 
/(o"o) = (T\. We will use the notation 



a; 



/>o) 



for j = 1, . . . , m, which means that 

K(uj) C int(<7o) or Oj C ext(<7o). 

(see Figure [6]). Finally, we note that <7o and o\ are, by construction, Jordan curves, while Oj 
for j = 2, . . . m are closed curves, which are not necessarily Jordan. 



By (27), we have o$ n Oj 
(29) 




K((jj) C int(oo) 



o j C ext(txo) 
cr C K{a-) 



dj c ext(ao) 
ioU%) = 



Figure 6. Possible relative distribution of the curve Gj for some j = 1, . . . m 
and the curve <tq. 



, m 



Step 4. We show that the following conditions hold: 

(30) K(ai) C int(ao), 

(31) C ext(<Tj4-i) for j = 1, . . . 

(32) / has no poles in K{<7j) for j 

To prove it, note first that if aj C K((Tj+{) for some j € {0, . . . ,m — 2}, then for Xi = aj 
we have Xi C K(f(Xi)), f has no poles in X 1 and, by @, f 2 {Xi) C ext(/(Xi)), so the 



, m 



assumptions of Corollary |4.6| are satisfied for X\. Hence, / has a weakly repelling fixed point 
in K(f(X\)) = i^(/ J+1 ((To)), which is contained in O by (27). This makes a contradiction. 
Hence, we have aj <f_ K(<Tj+x) for j = 0, . . . , m — 2, which together with ( |28[ ) and (29) shows 
K(a 1 ) Ha = and gib. 

To end the proof of (30), it remains to exclude the case K (oo) C ext(oi). If it holds, then 
(since int(o"o) contains a pole of /), the assumptions of Corollary |4 . 5 1 are satisfied for X = ctq. 
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Hence, / has a weakly repelling fixed point in K{cjq) C Q, which is a contradiction. In this 
way we have prove d (p0| ) . 

Finally, to show (32), suppose that / has a pole in K(fi(ao)) for some j G {1, . . . , m — 2} 
and take X2 = f 3 (ao). Then by (31), we have K(X2) C ext(/(X2)), moreover / has no 
poles in X2 and K^X^) contains a pole of /, so by Corollary |4.5| for X2, the map / has a 
weakly repelling fixed point in K(X2) = K(f :) (<7o))> which is contained in Q by (27). This is 
a contradiction. Hence, the assertion (32) is proved. 



Notice that by (|27|), (|29|) and (|30|), there exists 1 < k < m - 1, such that 
(33) 

(see Figure [7]) . 



K(cjj) C int(o"o) for j = 1, . . . , k and <7fc+i C ext(<7o) 





Figure 7. Two possible relative positions of = f k {<Jo) and do under the 



condition (33). In both cases, <Jk+i C ext(cro). 



Step 5. We show 

(34) f(K(a k )) C ext(ao). 

To see it, suppose otherwise, i.e. f{K{a^)) <jt ext(ao) (see Figure [8]) 



Then there exists 





Figure 8. Sketch of Step 5. 



zq £ K(ak) such that f(za) G K{gq). By (33), we have 



for some bounded simply connected component Oi of C\cifc. We have dCli C ak, so f(dQi) C 



cjfc + i, which together with (33) implies fii C i^(o"o) C jDj for some component D\ of C \ 
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f(dQi). Moreover, zq £ f^i and /(zq) £ K{(Tq) C D±. Hence, the assumptions of Lemma 4.4 
are satisfied for Q\, D\, Zq, so / has a weakly repelling fixed point in f2i, which is contained 



in f2 by (27). This makes a contradiction. Therefore, (34) is satisfied. 



Step 6. We check that we are under the assumptions of Shishikura's Theorem 2.14 Let 

Vq = ext(<7 ), V\ = int(ai), 

and let us check that Vq, V\ satisfy the required assumptions. By definition, Vq, V\ are simply 
connected and f(dVo) = dV%. Since / is a covering in some neighbourhood N of ao = BVq, 
we have 

f(V nN) = f(N\W)cC\D = V 1 . 

1 and f k {dVi) C Vq. Moreover, by d32b and 



By @, K(p{dV t )) C C \ Vq for j = 0, 
( 34 ) , the map f k is defined on V\ and 



k 



f(V l )cK(f(dV 1 ))cC\V foij = 0,...,k-l and f k (Vi)cV 



See Figure^! Hence, Shishikura's Theorem 2.14 concludes that / has a weakly repelling point 



K(<r k+1 ) D f(Vi) 





Figure 9. Sketch of Step 6. 



in C \ Vq = int(co) C O, which finishes the proof. 



□ 



5. Proof of Theorem B 

Let / : C — > C be a transcendental meromorphic map and let Uq, . . . , U p -i be a periodic 
cycle of Baker domains of / of (minimal) period p > 1. Recall that for j = 0, . . . ,p — 1 we 
have f pn — > Q locally uniformly on Uj as n — > oo for some Q £ C such that Q = oo for at 
least one j. Renumbering the Baker domains, we may assume Co = °°> i- e - the domain Uq is 
unbounded and 

f pn (z) — > oo for z £ Uq as n — > oo. 

As the first step in the proof of Theorem B we show a technical lemma which allows us to 
discard some of the possible configurations of the Uj's. More precisely, we show that under 
certain relative positions of the C/j's the existence of a weakly repelling fixed point follows 
directly from the results in Section [4} 
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Lemma 5.1 (Configurations of Baker domains). Suppose there exist a simply connected 
bounded domain 0, C C and a pole po of f , such that 

po G Q and d£l C Uj 

for some j = 0, . . . ,p— 1. Then either f has a weakly repelling fixed point or there exist n > 
and a bounded simply connected domain Qq C C, such that 

po G Q and dn C f n (dn) C U . 

Proof. If p = 1 then we can take n = and S7o = ^- Hence, in what follows we assume p > 1. 

Since p > 1, it is clear that d£l, f(dQ), . . . , f p ~ 1 (dQ) are pairwise disjoint and we cannot 
have 

K(dQ) c K{f{dn)) c • • • c K(f p (dn)), 

because it would contradict the connectedness of Uj. Thus, there is a minimal n > such 
that 

(35) K(p(dn)) t K(p +1 (dn)). 

Note that we have po G K(f n {dVt)) \ f n (dQ). Hence, there exists a bounded component ^o 
of C \ f n (dQ), such that po G Oo- Since f2 is simply connected, CIq is also simply connected. 

As dfto n f(dQo) = 0, one of the three possibilities holds: Oq C K(f(dQo)), Qq C 
ext(/(0fi o )) or /(dfi ) C n - Since dn C /"(dft) and /(dO ) n / n (<9ft) = 0, the first 



possibility does not occur by (35). If the second possibility holds, then the assumptions of 
Corollary 4.5 are satisfied for X = <9f2o, so / has a weakly repelling fixed point. Hence, we 
are left with the third possibility, i.e. /(0Oq) C 

Note that dQo, f(9Qo), . . . , / p (dfio) are pairwise disjoint. Therefore, if there exists a 
(minimal) number 2 < m < p — 1 such that / m (<9f2o) <£. ^o, the n /( dOp), . . . , / m_1 (<9fio) C 

are fulfilled for Qq and 



4.7 



Oo and f m (dQ.o) n 1\) = 0; so the assumptions of Proposition 
we conclude that / has a weakly repelling fixed point in that case. Thus, we can assume 
f(dClo), . . . , f p ~ 1 (dQo) C Oq. This implies dilo C f/o, because otherwise dfto n Co = and 
one of the sets f(dflo), . . . , / p-1 ((?f2o) is contained in C/o, which contradicts the fact that Uq 
is connected and unbounded. Hence, fio satisfies the assertion of the lemma. □ 

Let W C Uq be an absorbing domain which exists according to Corollary A' (for the map 
F = f p and £ = oo). Note that W is unbounded and does not contain poles of /. The proof 
of Theorem B splits into two cases depending on the connectivity of W. 

Case 1. W is not simply connected. 

Under this assumption we can take a closed curve 

jCW, 

such that K(j) n J{f) / 0. Notice that, because of Corollary A', /^( 7 ) C W for all £ > 0. 



By Lemma 4.3, there exists uq > and a pole po of /, such that po G K(f m {^)). Then 



Po is in a bounded simply connected component O of C \ f n °(j), such that d£l C f n °(W). 



By Lemma 5.1 we may reduce the proof to the case when there exists a bounded simply 
connected domain $7o with 

dfl C f ni (dn) C / ni (7) C f/ n f no+n '(W) 

for some ni > 0, such that po G Oo- In particular, this implies that uq + n\ = Ip for some 
£ > 0, so by Corollary A' we have f n ° +ni (W) C W, which implies <9f2 C W. We conclude 
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that there exists a bounded component Oi of C \ W, such that po £ Since W is connected 
we know that f2i is simply connected. We claim that 

(36) dU\, f(dfli), . . . , f p (dCli) are pairwise disjoint. 

To see the claim it is enough to notice that dQ\, f(d£li), . . . , f p ~ 1 (dfli) are in different Fatou 
components. Moreover, d£l\ C W C Uq, so by Corollary A' we get 

(37) fp(dnt) c r(W) c r\w) c c \ nr. 



Now we proceed like in the proof of Lemma 5.1 By (36), we have f(dVti) C fii, flj. C 
ext(f(dQi)) or Qi C K(f(dCli)). In the first case, by (37) we have p > 1 and there exists 
m G {2,...,p} such that f(dn 1 ),...,f m ~ 1 (dQ 1 ) C fii and / m (d^i) n HT = 0. Hence, / has 
a weakly repelling fixed point by Proposition |4.7| applied to Q\. In the second case we use 
Corollary 4.5 for X = dQ,\. Thus, we can assume that the third possibility takes place, i.e. 

fh C K (/(50 x )) 

Note that this implies 

p = l, 

because if p > 1, then Q\ C Uq and f(dQ\) D J7o = 0, which contradicts the fact that [To is 
connected and unbounded. 
Let 



AA = {n > : po is contained in a bounded component of C \ /"(l^ 7 )}. 
Note that 6 A/", so supAA is well defined. We consider two further subcases. 



Case (i): supA" = iV < oo. 

Then po is contained in a bounded component of C \ f N (W) but is not contained in 
any bounded component of C \ f N+1 (W). Moreover, by Corollary A' we have 



f(dn 2 ) c f(f N (w)) = r + \w) cf N (w)cc\ o 2 . 

This implies C ext(f(d£l2))- Consequently, the assumptions of Corollary 
for X = 9^2, and so / has a weakly repelling fixed point. 



4.5 



are satisfied 



Case (ii): supAA = 00. 

Fix some point zq £ C, which is not a pole of /. By assumption and Corollary A', for 
sufficiently large n there exists a bounded component ^3 of C\f n (W) containing po, zo, f(zo), 
such that 

f(dn 3 ) c f(rW)) = r +l {W) c p(w) cc\% 

Hence, 

TT 3 CD, 

where D is a component of C \ /(dQ^). We have zo, f(zo) £ C D. Hence, Q3, D, zq satisfy 
the assumptions of Lemma |4.4[ so / has a weakly repelling fixed point. This ends the proof 
of Theorem B in Case 1 (W is multiply connected). 
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Case 2. W is simply connected. 

By assumption, one of the domain Uj is multiply connected, so like in the proof in Case 1, 



using Lemmas 4.3 and 5.1 we can assume that there exists a curve 

7 C U 

and a pole po of /, such that po G if (7) (the difference with respect to the previous case is 
that the curve 7 was taken in W). Let 

00 

r = Qr(7). 

n=0 

Note that po £ T and f(T) C UnLi f n (l) C T. Moreover, V is the union of p disjoint sets 

00 

Tj = U f pn+3 (l) C LTy, 
n=0 

for j G {0, . . .p — 1}, such that /(IT,-) C T 

j+i mod p and f pn — y C,j uniformly on Tj as n — > 00. 
In particular, this implies that To is a closed subset of C. 
Define 

A" = {n > : po is contained in a bounded simply connected domain 

with boundary in / n (ro)}. 

Since po G if (7) \ 7 and 7 C To, we have G A/", so sup M is well defined. By Lemma 5.1 we 
can reduce the proof to the case, when the following holds: 

(38) for every n G M there exists N G M such that N > n and f (To) C Uq- 



Suppose supAA = 00. Then (38) implies that there are arbitrarily large N such that po 
is contained in a bounded simply connected domain with boundary in f N (To) D Uo- By 
Corollary A', this boundary is contained in W for large enough values of N. This is a 
contradiction since W is simply connected by assumption. 



Hence, supAA = iVo < 00 and, again by (38), there exists a bounded simply connected 
domain V with 

(39) 8V C f No (To)cT CU , 

such that po G V and po is not contained in any bounded simply connected domain with 
boundary in f N ° +l (To). Thus, we can define E to be the bounded component of C\ f N °(To), 



such that po G E and po is not in any bounded component of f(E). Note that by (39), the 
set f N °(To) is closed in C and so 

8E C f N °(T ). 

Let 

a) : a is a closed curve in E}. 
By definition, f2 is a bounded simply connected domain in C, such that po S O and 

dncdE C f No (T ) C U . 
We claim that for any given n > 0, one of the following must be satisfied: 
(40) f n {dfl) n fl = or f n (dn) C O. 

To see this observe that if n ^ £p for all £ > 0, then / n («90) n d£l = 0, so holds due 
to the connectedness of <9f2 and f n (dfl). If n = Ip for some £ > 0, then f n (d£l) C f N °(T ), 
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so f n {89) is disjoint from E. Hence, if f n (89) intersects 9, then f n (89) n K (a) ^ for a 
closed curve dCE, so in fact f n {89) C K(o) C 9. This shows ( [40] ). 

Using ( |40[ ), we conclude that one of the following three cases holds: 9 C K(f(89)), 
9 C ext(f(89)) or f(89) C O. The first case is not possible since it would imply that po is 
in a bounded simply connected domain with boundary in f N ° +l (To), which contradicts the 
definition of iVo- The second case implies that the assumptions of Corollary |4.5| are satisfied 
for X = 89 (by Torhorst's Theorem 2.13 89 is locally connected; moreover, / has no fixed 



points in 89), so / has a weakly repelling fixed point. Hence, the remaining case is 

f(dn) c n. 

oo uniformly on 89, there exists a (minimal) 



By ( 40 ) and the fact that / 



pn 



oo as n 



number m > 2 such that 

(4i) f(dn),...,f 



- 1 (89)c9 and f m (dn)nn 



4.7 



so / has a 



If f m (89) n 9 = 0, the domain 9 satisfies the assumptions of Proposition 
weakly repelling fixed point. Hence, we are left with the case f m (89)n89 ^ 0, which implies 
m = £p for a certain £ > and, consequently, f m (89) C Uq. 

In this case we will see that we can slightly modify the domain SI to a n ew d omain f2', so 

applies to Q' 



that n' satisfies the condition (glj) and f m (dVL') nfi' = 
and / has a weakly repelling fixed point. 

To define the set £1' with the desired conditions, let 



Then Proposition 



4.7 



D £ = {z£ U : Q Uo (z,dSl)<e} 



for a small e > 0. Then D £ is a compact subset of t/o- It is immediate by (41 ), that if e is small 
enough, then all sets f(dQ), . . . , f 171-1 {dQ) are contained in the same bounded component Q! 
of O \ D £ , such that ffl C 0. Since d£l is connected, the set D £ is also connected and, 
consequently, Q, 1 is simply connected. Moreover, 

(42) 89,' c{zeU : q Uo (z, 89) = e} 
and, since fi'cfl and f m (dfl) n = 0, we have 

(43) Qu {z, w) > e for every z G H 7 n J7 and w G f m (dQ) 

(otherwise, connecting z to w in C/o by a curve k of hyperbolic length smaller than e, we 
would find z' G 90' n k and G OO D K such that Qu (z' , < e, which contradicts (42)). 

As / m maps C/o into itself, Schwarz-Pick's Lemma 2.2 implies that for z G 89' and G 80, 
we have 

(44) ^o(/ m W,/ m H)<^ (^^), 

with strict inequality unless a lift of f m to a universal cover of Uq is a Mobius transformation. 



Suppose the inequality in (44) is not strict. Then the first assumption of Lemma 2.4 is satisfied 
for U = Uq and F = f m , while the additional assumption of this lemma is also fulfilled since 



W is simply connected. Hence, by Lemma 2.4 we conclude that Uq is simply connected, a 
contradiction with po G O and 89 C Uq. 



Therefore, the inequality in (|44j) is strict, and by the compactness of 89 we have 
(45) Q Uo (f m (z),f m (89)) < g Uo (z,89) = e for every z G 89'. 

This together with ( |43| ) implies 

f m (89')r\9> ' = 0. 
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Note also that if e is sufficiently small, then by (41), 



f(dn'),...j m - l (dn')cn'. 



Hence, the assumptions of Proposition 4.7 are satisfied for Q' , and / has a weakly repelling 
fixed point. This concludes the proof in Case 2 (W is simply connected) and, in fact, the 
proof of Theorem B. 

6. Proof of Theorem C 

In what follows we assume that / : C — > C is a meromorphic map with a cycle of Herman 
rings Uq, . . . , U p -i for some p > 0. Then there exists a biholomorphic map 

ip : Uq — > {z : 1/r < \z\ < r} 

for some r > 1, such that ip o f p o ifj~ l = R a: where R a (z) = e 2ma z and a G R \ Q. 

Herman rings are multiply connected by definition. The goal is to show that in this setup, 
/ must have a weakly repelling fixed point. Let 

1 = iP~ 1 ({z: \z\ =1}). 



Then 7 is a Jordan curve in Uq. If p = 1, then Lemma |4.4| applies to f2 = int(7), and / has 
a weakly repelling fixed point. Hence, in what follows we assume p > 1 and, consequently, 
7 is a Jordan curve in Uq su ch th at 7, 7(7), ■ ■ . , / p_1 (7) are pairwise disjoint, / p (7) = 7 and 



int(7)n «/(/) 7^ 0- By Lemma 4.3, the map / has a pole po in int(/ J (7)) for some < j < p— 1. 
Without loss of generality we assume that j = 0, i.e. £>o £ ^(t)- 

Next we discuss different relative positions of the above curves to see that the results in 
Section [4] imply that / has a weakly repelling fixed point unless one situation occurs. In this 
case, to show the existence of a weakly repelling fixed point we will use a surgery argument, 
like in Shishikura's Theorem 12 .14[ 

Observe that for all j > 0, we have f j (j) C int(/- ?+1 (7)) or ^(7) C ext(/ J+1 (7)). Since 
f p (l) = 7) we cannot have f J ( r y) C int(/ : ' +1 (7)) for all j = 0, . . . ,p — 1. Hence, there exists 
a minimal number jo £ {0, . . . ,p — 1} such that /■ ?0 (7) C ext(/- ?0- '" (7)). Set 

co = P°{l) and cr^ = f(a ), j > 1 

By definition, <to,<ti, . . . ,cr p _i are pairwise disjoint and <7 P = do- Moreover, do C ext(ai) 
and po € int(ao), by the minimality of jo. 



Suppose first that o\ C ext(co). Then int(cro) C ext(cri), so by Corollary 4.5 for X = ctq, 
the map / has a weakly repelling fixed point. Hence, we can assume 

(46) 07 C int(<7 ). 

If there exists j G {2, ... ,p — 1} such that Uj C ext(ao), then the assumptions of Proposi- 
tion 4.7 are satisfied for f2 = int(o"o), so / has a weakly repelling fixed point. Therefore, from 



now on we suppose that 

(47) aj C int(o-o) for j = l,...,p- 1. 

Suppose now that there exists j G {1, . . . ,p — 1} such that cij+i C int(<7j). Then the assump- 



tions of Proposition 4.7 are satisfied for f2 = int(cjj), so / has a weakly repelling fixed point. 



Thus, we can assume that 

(48) a j+i C ext(<7j) for j = 1, . . . ,p — 1. 
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If there exists j £ {1, . . . ,p — 2} such that cjj C int(<jj+i) then, by (48), the assumptions of 
Corollary 4.6 are satisfied for X = cTj, so / has a weakly repelling fixed point. Hence, we may 



also suppose that Uj <f_ int(<7j + i), so 
(49) int(aj) C ext(<Tj+i) 



for j = 1, 



,P 



4.5 



for X = aj, and using (49) we may assume that / has no poles in int(<7,- 



By Corollary 

for j = 1, . . . ,p — 2. Consequently, 

(50) /(int(crj)) = int(cr,-+i) for j = 1, . . . ,p - 2. 
We claim that we can also reduce the proof to the case where 

(51) int(oi), . . . , int(<7 p _i) are pairwise disjoint subsets of int(<7o). 

To see this suppose otherwise, i.e. there exist k > and m > 1 with k + m < p — 1, such that 
Cfc+m C int(crfc) or 0"^ C int(fj / t +rn ). Observe that m = 1 is not possible by ( |49| ). 

In the first case, observe that by (50), f" p ^ k ~ m (\i\t{aj t )) = int(<7 p _ m ) C int(o"o). Since 
(Tk+m C int(cjfc)) we have o"o = / p_fc_m (cfc+m) C int(cr p _ m ), which again is not possible. 
In the second case, again by (50), / p_fc_m_1 (int(crfc +m )) 

f p ~ m ~ l (<Jk) C int((jp_i). Hence, there exists zq G int(<r p _i) such that 

int(cr p _i 



we have o"p_ m _i 
/(^o) £ int(ero). Then, Lemma 



4.4 



with 



int(<7p_i). Since o - ^. C int (crfc +r 

tS Z( 

and D = int(o"o) provides the existence 



of a weakly repelling fixed point of /. 



Hence, we may assume (51 ). By Lemma 4.4 applied exactly as above we may also suppose 
that 



(52) 



/(int(op_i)) = ext(cr ). 



Finally, suppose that /(int(<7o)) D int(cri), which together with (50) implies that /(int(<ro)) = 
C. By considering a preimage of D = int(ao) compactly contained inside D, and applying 
Lemma |4.4[ it follows again that / has a weakly repelling fixed point. Hence, from now on 
we also suppose that 

(53) int(ai) t /(int(c7o)), 

which implies that there exists a neighborhood N of int(o"o) such that /(iVTlext(<7o)) C int(ai). 



At this point we work under the assumptions (46)-(53), as shown in Figure 10 




Figure 10. The final setup in the proof of Theorem C. 
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Observe that the situation is reminiscent of the setup of Shishikura's Theorem |2 .14 for 
Vq = ext(cro), V\ = int(a"i) and k = p — 1, except for one hypothesis, namely f k (V\) C Vq, 
which instead reads as f k (Vi) = Vq. 

We shall conclude the proof with an alternative surgery argument, which is a particular 
case of Shishikura's surgery in |344 Theorem 6] . The idea is to convert the p-cycle of Herman 
rings into a p-cycle of Siegel discs, by gluing a rigid rotation in ext(cxo) (for the p-th iterate). 
This will provide the existence of a weakly repelling fixed point in int(cxo) \ Uj=i mt(<jj). 

We sketch the details for completeness. Redefine the cycle of Herman rings so that <jq C Uq. 
Then ctq = ip~ 1 ({z : \z\ = 1}). Since i/)\a is real analytic, there exists a quasiconformal 
homeomorphism 

* : ext(ao) -»■ C \ D 



such that ^ = ip on oq. We now define h : ext(cro) — > ext(cro) as 

h = o R a o 

Note that h n = o R™ o ^ and therefore h n is uniformly quasiregular for all n > 0. 

Since f p is conjugate to R a on o"o, it follows that / has degree one on aj for all j = 1, . . . ,p. 
Together with (50) and (52), this implies that for all j = 1, ... ,p — 1, the map /|i n t(<r ) is 
univalent and hence it has a univalent inverse. We now define a new map on the Riemann 
sphere as follows: 



F 




on int((io) 

(/ lintc^o) -1 °h on ext(oo) 



Note that i ?p | ex t(o-o) = ^ an d F ^ s holomorphic everywhere except on ext(tJo), where it is 
quasiconformal. Now we define a conformal structure fionC setting 

(^- 1 )>o on extOo) 

((f lint(trj)) ° • • • ° (/ lint^!))" 1 ^ M on int((7j) for j = 1, . . . ,p - 1 

Ho elsewhere, 



where /io is the standard structure. Then [i is bounded and F-invariant, so by the Measurable 
Riemann Mapping Theorem, F is quasiconformally conjugate to a rational map g, under a 
quasiconformal homeomorphism <j> : C — > C 

One can check that on some neighborhood of 0(ext(o"o)) the map ^ o is conformal and 
conjugates g p to Hence, g has ap-cycle of Siegel discs containing </>(ext(<7o))U(^(int(<7i))U 
• • •U0(int(<7 p _i)). Since g is rational, it has a weakly repelling fixed point, which cannot lie in 
the Siegel cycle. But g is conformally conjugate to / everywhere else. Hence, / has a weakly 
repelling fixed point. This concludes the proof of Theorem C. 
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